Abstract. In this paper we propose an extension of the Libor market model with a highdimensional specially structured system of square root volatility processes, and give a road map for its calibration. As such the model is well suited for Monte Carlo simulation of derivative interest rate instruments. As a key issue, we require that the local covariance structure of the market model is preserved in the stochastic volatility extension. In a case study we demonstrate that the extended Libor model allows for stable calibration to the cap-strike matrix. The calibration algorithm is FFT based, so fast and easy to implement.
Introduction
Since Brace, Gatarek, Musiela (1997), Jamshidian (1997) , and Miltersen, Sandmann and Sondermann (1997), almost independently, initiated the development of the Libor market interest rate model, research has grown immensely towards improved models that fit market quotes of standard interest rate products such as cap and swaption prices for different strikes and maturities. As a matter of fact, while caps can be priced using a Black type formula and swaptions via closed form approximations with high accuracy, an important drawback of the market model is the impossibility of matching cap and swaption volatility smiles and skews observed in the markets. As a remedy, various alternatives to the standard Libor market model have been proposed. They can be roughly categorized into three streams: local volatility models, stochastic volatility models, and jump-diffusion models. Especially jump-diffusion and stochastic volatility models are popular due to their economically meaningful behavior, and the greater flexibility they offer compared to local volatility models for instance. For local volatility Libor models we refer to Brigo and Mercurio (2006) . Jump-diffusion models for assets go back to Merton (1976) and Eberlein (1998) . Jamshidian (2001) developed a general semimartingale framework for the Libor process which covers the possibility of incorporating jumps as well as stochastic volatility. Specific jump-diffusion Libor models are proposed, among others, by Glasserman and Kou (2003) and Be-lomestny and Schoenmakers (2006) . Levy Libor models are studied by Eberlein and Özkan (2005) . Incorporation of stochastic volatility has been proposed by Andersen and Brotherton-Ratcliffe (2005) , Piterbarg (2004) , Wu and Zhang (2006) , Zhu (2007) . Recently, a Libor model with SABR stochastic volatility (Hagen et al. 2002) has attracted some attention (Mercurio and Morini (2007) ).
In the present article we focus on a flexible particularly structured Heston type stochastic volatility Libor model that, due to its very construction, can be calibrated to the cap-strike matrix in a robust way. In this model we incorporate a core idea from Belomestny and Schoenmakers (2006) , who propose a jump-diffusion Libor model as a perturbation of a given input Libor market model. As a main issue, they furnish the jump-diffusion extension in such a way that the (local) covariance structure of the extended model coincides with the (local) covariance structure of the market model. The approach of perturbing a given market model while preserving its covariance structure, has turned out to be fruit full and is carried over into the design of the stochastic volatility Libor model presented in this paper. In fact, this idea is supported by the following arguments.
(i) Cap(let) prices do not depend on the (local) correlation structure of forward Libors in a Libor market model but, typically, do depend (weakly) on it in a more general model. In contrast, swaption prices do depend significantly on this correlation structure. The Libor correlation structure may, for instance, be implied from a Libor market model calibration to prices of ATM swaptions (e.g. Brigo and Mercurio (2006) , Schoenmakers (2005) ). Therefore, we do not want to destroy this (input) correlation structure by setting it free while calibrating the extended model to the cap(let)-strike matrix.
(ii) The lack of smile behavior of a Libor market model is considered a consequence of Gaussianity of the driving random sources (Wiener processes). Therefore we want to perturb this Gaussian randomness to a non-Gaussian one by incorporating a CIR volatility process, while maintaining the (local) correlation structure of the Libor market model we started with.
(iii) Preserving the correlation structure allows for robust calibration, since it significantly reduces the number of parameters to be calibrated while holding a realistic correlation structure.
Specifically, the perturbation part of the presented model will involve CIR (or square root) volatility processes, and so the construction will finally resemble a Heston type Libor model (Heston (1993) ). The CIR model originally derived in a framework based on equilibrium assumptions by Cox, Ingersoll, Ross (1985) , is a special type affine process for which the characteristic function can be determined in closed form. For computing the characteristic function of fairly general affine processes with jump part we refer to recent work by Belomestny et al. (2009) .
The idea of utilizing a Heston type process has already been formulated in Wu and Zhang (2006) , and Zhu (2007) . However, the present article differs from these works in the following respects.
(i) As opposed to a one-dimensional stochastic volatility process as in Wu & Zhang, or a (possibly) vector valued one which inhibits only one source of randomness as in Zhu (2007), we will study multi-dimensional CIR vector volatility processes with each component being driven by its own Brownian motion. This leads to a more realistic local correlation structure and renders the model more flexible for calibration.
(ii) We suggest a multi-dimensional partial-Gaussian and partial-Heston type model, where each forward Libor is driven by a linear combination of CIR processes.
(iii) While in both papers the issue of calibration has not been addressed, we give consideration to this problem using novel ideas mentioned above.
(iv) The new approach proposed in this paper may cure the limitations of known single volatility approaches and shows that a multiple stochastic volatility model must not be 'too complicated' as suggested in the literature (Piterbarg (2005) ).
Furthermore, approximative analytic pricing formulas for caplets and swaptions are derived for this new Libor model which allow for fast calibration to these products. Ultimately, complex structured Over The Counter products may be priced by Monte Carlo using guidelines for simulating Heston type models as given in Kahl and Jäckel (2006) . The content of the paper is as follows. The multiple stochastic volatility extension of a (given) Libor model is introduced in Section 2. In Section 3 we outline a natural structuring of the model parameters, including the covariance constraint and some time homogeneity considerations. Section 4 deals with the Libor dynamics under different measures and prepares the tools for pricing and calibration to caps (Section 5) and pricing of swaptions (Section 6). A real life case study in Section 7 concludes.
Stochastic volatility extension of the Libor market model

The general Libor model
Consider a fixed sequence of tenor dates 0 =: T 0 < T 1 < . . . < T n , called a tenor structure, together with a sequence of so called day-count fractions δ i := T i+1 − T i , i = 1, . . . , n − 1. With respect to this tenor structure we consider zero bond processes B i , i = 1, . . . , n, where each B i lives on the interval [0, T i ] and ends up with its face value B i (T i ) = 1. With respect to this bond system we deduce a system of forward rates, called Libor rates, which are defined by
Note that L i is the annualized effective forward rate to be contracted at the date t, for a loan over a forward period [T i , T i+1 ]. Based on this rate one has to pay at T i+1 an interest amount of $δ i L i (T i ) on a $1 notional. For a pre-specified volatility process γ i ∈ R m , adapted to the filtration generated by some standard Brownian motion W ∈ R m , the dynamics of the corresponding Libor model have the form, 
Extending the Libor market model
In this work we study an extension of a generic Libor market model, which is given via a deterministic volatility structure γ. In particular, with respect to an extended Brownian filtration, we consider the following structure,
2)
where W and W are mutually independent d-dimensional standard Brownian motions, both independent of W , and U = (U k ) 1≤k≤d is a d-dimensional noise term involving the stochastic volatility processes
2) are chosen to be deterministic vector functions. They will be specified later. The r i are constants that may be considered "allotment" or "proportion" factors, quantifying how much of the original input market model should be in play. For r i = 0 for all i, it is easily seen from (2.2) that the classical market model is retrieved. As such, at nonzero values of the r i , the extended model may be regarded as a perturbation of the former. Finally, from a modeling point of view system (2.2) is obviously over parameterized in the following sense. By setting β ik =:
k σ k , we retrieve exactly the same model. From now on we therefore normalize by setting θ k ≡ 1 without loss of generality.
It is helpful to think of the Libor model as a vector-valued stochastic process of dimension n − 1 driven by m + 2d standard Brownian motions with dynamics of the form
where
In (2.4) the square root processes v k are given by (2.3) (with θ k ≡ 1). In our approach we will work throughout under the terminal measure P n . Following Jamshidian (2001) (see also Jamshidian (1997)), the Libor dynamics in this measure are given by
Often it turns out technically more convenient to work with the log-Libor dynamics. A straightforward application of Itô's lemma to (2.5) yields,
(2.6)
Structuring the stochastic volatility extension
Covariance preservation of the market model
Let us integrate the diffusion part of (2.6) and consider the resulting zero-mean random variable by
For the covariance function of ξ i (t) in the terminal measure we have
where Λ(t) denotes a diagonal matrix in R d×d whose elements are the expected values
The square root diffusions in (2.3) have a limiting stationary distribution. The transition law of the general CIR process,
is known. In particular, we have the representation
where χ 2 α,c is a noncentral chi-square random variable with α degrees of freedom and noncentrality c, where
For the expectation we have
e.g. see Glasserman (2003) for details. So, it is natural to take the limit expectation as the starting value of the process. Thus, we set in (2.3)
Recall that γ i ∈ R m is the (given) deterministic volatility structure of the input market model, for example obtained by some calibration procedure to ATM caps and ATM swaptions. We want to preserve the forward (log-)Libor covariance due to the structure γ in some sense and now introduce the covariance constraint mentioned in the introduction. This restriction will be a modified version of the covariance restriction in Belomestny and Schoenmakers (2006) in fact. In the latter article one requires (in a jump-diffusion context)
In view of (3.2) and (3.4), we set r i ≡ r, to yield from (3.4),
which is obviously satisfied by taking β ≡ γ, and in particular d = m. In order to obtain closed-form expressions for characteristic functions of (log-)Libors later on, we need β(t) to be piecewise constant in time, however. Therefore, as one possibility, we suggest to take 6) such that (3.5) holds in a good approximation, as the integral is approximated by a Riemann sum in fact. If one strives for a more simple structure where β is timeindependent, we propose as a pragmatic choice, to take constant vectors β i according to
in order to match the covariance constraint (3.4) roughly. The requirement (3.7) may be considered as a relaxation of (3.5). Note that even when m < n − 1, matching of (3.5) may require d = n − 1. Depending on the readers preferences however, one may choose any d, d < n − 1, and then fit (3.5) after dimension reduction via principal component analysis of the respective right-hand-sides.
Time shift homogeneity
From an economical point of view it is appealing to have a time shift homogeneous Libor dynamics. That is, the conditional distribution of (L k+p , L k+p+1 , . . .)(T k+p ) given the Libor state at T k (k, p > 0) is the same as the conditional distribution of
given the state at T 0 . For a Libor market model this requirement is fulfilled when the deterministic volatility structure γ satisfies γ i (t) = γ(T i − t) =: g(T i −t)e(T i −t), where g = |γ| and e(s) is a (time dependent) unit vector. In practice it is not easy to identify such a unit vector function however. In an implementation it is much more convenient to work with piecewise constant (or even constant) unit vectors, for example of the form e i−m(t) with m(t) as in (3.6) for a set of constant unit vectors e i . On the other hand, it is well known that strict time shift homogeneity in the standard market model may lead to caplet fitting problems when market caplet volatilities decrease too fast in some sense (for details on market model calibration see for example Brigo and Mercurio (2006) , and Schoenmakers (2005)). Altogether, it is reasonable to strive for time shift homogeneity as far as possible, both from a modeling and practical point of view. In this respect, it is recommendable to depart from an input Libor market model with a (nearly) time shift homogeneous volatility structure γ. Interestingly, if β is then taken according to (3.6) in order to preserve covariance, β will be nearly time shift homogeneous as well. For the more simple choice, constant β according to (3.7) , the extended Libor model (2.6) will still be close to time homogeneous. Therefore, and for simplicity, we deal in this paper only with the case of time-independent β, which satisfies (3.7).
Dynamics under various measures
Dynamics under forward measures
So far the Libor dynamics have been considered under the terminal measure. In order to price caplets later on, however, we will need to represent the above process under various forward measures. Let us denote the (time independent) solution of (3.7) by γ ∈ R (n−1)×d . Consequently spelling out (2.5) under the measure P n with r i ≡ r yields
with corresponding volatility processes
By rearranging terms we may write
Since L i is a martingale under P i+1 , we have that both W (i+1) and W (i+1) in (4.3) are standard Brownian motions under P i+1 . In terms of these new Brownian motions the volatility dynamics are
As shown in the Appendix, the process W (n,i+1) in (4.4) is a standard Brownian motion under both measures P i+1 and P n . By freezing the Libors at their initial values in (4.4), we obtain approximative CIR dynamics
with reversion speed parameter 6) and mean reversion level
The approximative dynamics (4.5) for the volatility process will be used for calibration in Section 5.
Dynamics under swap measures
An interest rate swap is a contract to exchange a series of floating interest payments in return for a series of fixed rate payments. Consider a series of payment dates between T p+1 and T q , q > p. The fixed leg of the swap pays δ j K at each time T j+1 , j = p, . . . , q − 1, where δ j = T j+1 − T j . In return, the floating leg pays δ j L j (T j ) at time T j+1 , where L j (T j ) is the rate fixed at time T j for payment at T j+1 . Consequently the time t value of the interest rate swap is
The swap rate S p,q (t) is the value of the fixed rate K, such that the present value of the contract is zero, hence after some rearranging
So S p,q is a martingale under the probability measure P p,q , induced by the annuity numeraire B p,q = q−1 j=p δ j B j+1 (t). Therefore we may write
where dW (p,q) (t) is standard Brownian motion under P p,q . From (4.8) we see that the swap rate can be expressed as a weighted sum of the constituent forward rates,
An application of Itô's lemma
Equating (4.9) and (4.10), gives
with W (p,q) = (W (p,q) , W (p,q) ) and
The change of measure from W (n) to W (p,q) can be found in Schoenmakers (2005) .
In particular,
In terms of these new Brownian motions the volatility processes read
As shown in the Appendix, the process W (p,q,n) in (4.11) is standard Brownian motion under both measures P p,q and P n . Assuming now that ∂Sp,q(t) ∂L j (t) and
Sp,q(t) are approximately constant in time, we freeze the weights at their initial time t = 0. Then the swap rate dynamic is approximately given by
Similarly, freezing the Libors in the drift term of (4.11) leads to an approximated volatility process v k given by
with reversion speed parameter
and mean reversion level
Pricing and calibration
Pricing caplets
A caplet for the period [T j , T j+1 ] with strike K is an option that pays (L j (T j )−K) + δ j at time T j+1 , where 1 ≤ j < n. It is well known that under the forward measure P j+1 the j-th caplet price at time zero is given by
Consequently under P j+1 the j-th caplet price is determined by the dynamics of L j only. The FFT-method of Carr and Madan (1999) can be straightforwardly adapted to the caplet pricing problem as done in Belomestny and Schoenmakers (2006) . We here recap the main results.
In terms of the log-moneyness variable
the j-th caplet price can be expressed as
where X j (t) = ln L j (t) − ln L j (0). One then defines the auxiliary function
and can show the following proposition.
Proposition 5.1. For the Fourier transform of the function O j defined above and ϕ j+1 (·; t) denoting the characteristic function of the process X j (t) under P j+1 we have
3)
The proof can be found in Belomestny and Reiß (2006) . Next, combining (5.1), (5.2), and (5.3) yields
Calibration road map
We now outline a calibration procedure for the Libor structure (2.2), under the following additional assumptions.
(i) The input market Libor volatility structure γ ∈ R (n−1)×m is assumed to be of full rank, that is m = n − 1. (Strictly speaking it would be enough to require the right-hand-side of (3.5) to be of full rank.)
(ii) The terminal log-Libor increment d ln L n−1 is influenced by a single stochastic volatility shock dU n−1 , the one but last, hence d ln L n−2 , by only dU n−1 and dU n−2 , and so forth. Put differently, we assume β ∈ R (n−1)×d to be a squared upper triangular matrix of rank n − 1, hence d = n − 1.
(iii) The r i are taken to be constant, that is r i ≡ r, and the matrix β is determined as the time independent upper triangular solution γ of the covariance condition (3.7).
For the Libor dynamics structured in the above way we thus have
where for i = n − 1 the dynamics of v n−1 is given by (4.2), and for i < n − 1 the dynamics of v k , i ≤ k < n, is approximately given by (4.5).
We will calibrate the structure to prices of caplets according to the following road map.
(i) First step i = n − 1. Calibrate r and the parameter set (κ n−1 , θ n−1 = 1 , σ n−1 , ρ n−1 ) to the T n−1 column of the cap-strike matrix via (5.4) using the explicitly known characteristic function ϕ n of ln[L n−1 (T n−1 )/L n−1 (0)] (see Appendix (8.1)).
(ii) For i = n − 2 down to 1 carry out the next iteration step:
(iii) The k-th step i = n − k. Transform the yet known parameter set (κ j , σ j , ρ j ) i < j < n, via (4.6) and (4.7) into the corresponding set The above calibration algorithm includes at each step, as usual, the minimization of some objective function. As such function we take the weighted sum of squares of the corresponding differences between observed market prices and prices induced by the model. The weights are taken to be proportional to Black-Scholes vegas. As initial values for the local optimization routine at time step i + 1 the values of estimated parameters at time step i are used.
Pricing swaptions
A European swaption over a period [T p , T q ] gives the right to enter at T p into an interest rate swap with strike rate K. The swaption value at time t ≤ T p is given by
Since the approximative model (4.12)-(4.13) for S p,q has an affine structure with constant coefficients one can write down the characteristic function of S p,q analytically under P p,q and follow the lines of the previous section to calibrate the model. Remark 6.1. Due to the covariance restrictions (3.5)-(3.7), one can expect that the model prices of ATM swaptions are not far from market prices because our model employs a covariance structure of LMM calibrated to the market prices of ATM swaptions. Tables 1, 2 . A corresponding implied volatility surface is shown in Figure 1 , where smiles are clearly observable. Due to the structure of the given data sets we consider a Libor model based on semi-annual tenors, i.e. δ j ≡ 0.5, with n = 41 (20 years). In a pre-calibration a standard market model is calibrated to ATM caps and ATM swaptions using Schoenmakers (2005) . However, we emphasize that the method by which this input market model is obtained is not essential nor considered a discussion point for this paper. For the pre-calibration we have used a volatility structure of the form
Calibration to real data: a first case study
where g is a simple parametric function, e i are unit vectors, and m(t) is defined in (3.6). The pre-calibration routine returns e i ∈ R n−1 such that (e i,k ) is upper triangular and
The function g is parameterized as
For the Libor market model the loading factors c i are readily computed from
The initial Libor curve, is directly obtained from present values given at the respective calibration dates and (partially) given in Table 3 .
Calibrating the market model
The market model calibration is based on an objective function which involves the squared distance between a set of market and model swaption volatilities, and a term which penalizes the deviation i (c i − c i+1 ) 2 from being constant, where the c i s are computed from (7.3) (see also Section 3.2 for a motivation). For the respective dates Table 4 shows the parameters for the scalar volatility function (7.2) and correlation matrix (7.1) based on a calibration of the market model to 93 swaption quotes. These scalar volatility functions and correlation structures are taken as inputs for the stochastic volatility model while the constants c i will be calibrated newly for flexibility. The results of the calibration of the multiple stochastic volatility model to the cap-strike matrix at the respective calibration dates are given in Tables 5, 6 . We note that the stochastic volatility calibration is done with respected option prices (rather than volatilities as usual when calibrating a market model).
Comments on the calibration
It turned that for these data sets the stochastic volatility parameter r needed to be taken rather close to one, r ≡ 0.9. A qualitative impression of the calibration can be obtained from Figure 2 . From the last down to the sixed tenor the relative average price calibration fit is about 5% for both data sets. For the short term tenors (up to the fifth) the calibration errors growth up to about 13%-25% unfortunately, and are therefore not reported. We found out however that the main reason for this bad fit for small maturities is the erratic behavior of the yield curve over this period at the calibration dates (see Table 3 ). For instance after replacing the actual yield curve with a smoothed one we also got a good fit for small maturities. The overall relative root-mean-square fit we have reached shows to be 0.5%-5%, when the caplet maturity ranges from 0.5 to 20.
Regarding computation time we can say that an overall calibration to 40 tenors each involving 10 strikes takes about 7 minutes on a nowadays usual notebook (Pentium-III). Moreover, to the best of our knowledge, we are not aware of any stochastic volatility model which is able to produce a comparable fit in less or comparable computation time, to a system of cap-strike matrices over such a wide range of tenors. 
Concluding remarks
We have proposed an economically motivated multiple stochastic volatility extension of a given (pre-calibrated) Libor market model which is suited for Monte Carlo simulation of exotic interest rate products. Also it is shown that this extension allows for fast (approximative) cap and swaption pricing with smiles which enables efficient calibration to these products. A road map for calibration to the cap-strike matrix is given and illustrated by a case study. The considered data sets in this study were taken at rather turbulent times, to reveal some stress issues of the model calibration. We just note that by considering more smooth data sets (smooth yield curves in particular), it is observed that the calibration performs overall satisfactory. Finally, we underline that in this paper the main focus is on the structure of the presented stochastic volatility model and its implementation. An in-depth analysis of the model calibration and enhancements of the calibration procedure on an engineering level may be considered. In fact, this is part of recent research related to industrial cooperation projects. Further, calibration to other products such as CMS-spreads may be interesting (see for instance Belomestny, Kolodko, Schoenmakers (2008) ).
We thus obtain ϕ j+1,k (z ; T, v k ) = exp (A j,k (z; T ) + v k B j,k (z; T )) .
In (8.2) we have chosen the formulation of Lord and Kahl (2005) which has the convenient property that we can take in (8.2) for the complex logarithm always the principle branch. Note that the lower index j + 1 in the characteristic function refers to the measure, whereas the index j in the introduced coefficients refers to the relevant forward Libor. The second index k refers to the component. It is again the choice of γ that enables the product in (8.1) to be started at j. This crucial feature will show to be beneficial in the calibration part. When j = n − 1, for example, only the last log-Libor will contribute a non-trivial factor to the characteristic function. For all others we have ϕ n,k ≡ 1, k = 1, . . . , n − 2.
CIR
Consider a CIR model of the form, dv(t) = κ(θ − v(t))dt + σ v(t)dW (t), κ, θ, σ > 0.
Given v(u), v(t) with t > u is distributed with density 
Measure invariance
Why is dW (n,i+1) k invariant under the various measures? See Jamshidian for the compensator, which is given by
That is, we have
A closer look at (4.1) reveals that all terms are negligible, since of higher order than dt, or zero due to independence of W and W or W , respectively. We thus have
or in other words, as indicated by dW
Analogously we obtain by exchanging W k with W k that
